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Abstract 
Manoussakis, Y. and D. Amar, Hamiltonian paths and cycles, number of arcs and 
independence number in digraphs, Discrete Mathematics 105 (1992) 157-172. 
We let D denote a digraph with n vertices, independence number at least (Y and half-degrees at 
least k. We give (i) a function f(n, a) (respectively f (n, k, a)) such that any digraph with at 
least f(n, a) (respectively f(n, k, a)) arcs is Hamiltonian and (ii) a function g(n, a) 
(respectively g(n, k, a)) such that any digraph with at least g(n, a) (respectively g(n, k, a)) 
arcs is Hamiltonian connected. 
1. Introduction 
Many conditions sufficient for the existence of Hamiltonian cycles and paths in 
digraphs are known (see [3]). The object of this work is to point out some similar 
results for digraphs with conditions on the number of arcs involving the 
independence number and the half-degrees of the digraph. Namely, we extend 
some results obtained in [l, 2,5]. 
Throughout this paper, D = (V, E) denotes a digraph of order n with 
vertex-set V(D) and arc-set E(D). If x and y are vertices of D, we say that x 
dominates y if the arc (x, y) is present. For A, B s V(D) and A fl B = 0, we 
define E(A+ B) = {(x, y) 1 x E A, y E B, (n, y) E E(D)} and E(A, B) = E(A+ 
B) U E(B+ A). For a vertex x of D, we define T&x) and T:(x) to be the sets of 
vertices of B which, respectively, dominate, and are dominated by, the vertex X. 
The B-outdegree, B-indegree and B-degree of x are defined as lrs(x)l, I&(X)) 
and I&(x)1 + lr,‘(x)l, respectively, and are denoted di(x), d,(x) and d,(x), 
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respectively. When B = V(D), we write d+(x), d-(x) and d(x), respectively, 
instead of d,+(x), d,( x and d,(x), respectively. k(D) denotes the minimum ) 
half-degree of D, i.e., for each vertex x of D, d+(x) 2 k(D) and d-(x) 2 k(D). 
We call opposite of D, the digraph obtained from D by replacing any arc (x, y) 
by the arc (y, x). If x and y are vertices of D, then we say that there exists a 
Hamiltonian path between x and y, if there exists a Hamiltonian path from x to y 
and another one from y to x in D. 
An independent set of D is a subset of V(D) which induces a subgraph without 
arcs. The independence number of D, denoted by a(D), is the cardinality of a 
maximum independent set of D. 
A bipartite digraph D = (X, Y, E) with bipartition set (X, Y) is said to be 
balanced if IX] = ]Y] and almost balanced if 11x1 - ]Y]] = 1. 
Kz denotes the complete symmetric digraph and S, denotes the independent 
set on k vertices, respectively, while SO is the empty set. 
Let us recall some results which shall be used in this paper. 
Theorem 1.1 [ 11. Let D be a digraph with half -degrees at least k. Then 
(i) if (E(D)1 > R(n, k) = n(n - 1) - (k + l)(n - k - l), then D is Hamiltonian 
and 
(ii) if JE(D)( > S(n, k) = n(n - 1) - k(n - k - l), then D is Hamiltonian 
connected. 
The following lemma is well known. 
Lemma 1.2. If x is a vertex of a digraph D such that d(x) > n + 1 and D -x is 
Hamiltonian connected, then D is Hamiltonian connected. 
Theorem 1.3 [4]. Let D = (X, Y, E) be a balanced bipartite digraph with n 
vertices, n even, and (n” - n)/2 or more arcs. Then D is Hamiltonian unless 
IE(D)( = (n’- n)/2 and D is either isomorphic to BI(n) or to its opposite or else to 
RI or R2 of Fig. 1. 
Theorem 1.4 [4]. Let D = (X, Y, E) be a bipartite digraph with n vertices, n 2 3, 
and at least (n’- n)/2 + E arcs, E = 0 or 1. Then 
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(i) if D is almost balanced, n = 2k + 1 and E = 0, then there exists a 
Hamiltonian path between any two vertices x1 and x2 of the largest bipartition set of 
D, unless if IE(D)I = (n” - n)/2 and D is either isomorphic to B,(n) or to B,(n) or 
to their opposites or else to one of Ai, i = 1, 2, 3, of Fig. 2 and 
(ii) if D is balanced and E = 1, then there exists a Hamiltonian path between any 
two vertices x and y which are not in the same bipartition set of D, unless 
[E(D)1 = (n’ - n)/2 + 1 and D is isomorphic to B,(n) or to its opposite (Fig. 2). 
2. Main results 
In view of Theorem 2.2 we have to prove the following lemma. 
Lemma 2.1. Let C be a longest cycle in a non-Hamiltonian digraph D. If there 
exists a path P: x, . . . , y in E(D - C) such that E(C+x) #0, E(y+ C) #0, then 
IV(C)1 3 lE(C-+x)l + IJqY + 0 + IV(P)l - 1. 
Prwf. Let c:xl,x2,...,xk7x1, k < n, be a longest cycle of D. We define 
B = {(x,, x,) lx, E G(x), x, E r:(y) and {x,+~, x~+~, . . . , x,-~> n (G(x) U 
P:(y)) = 0}. Put b = I BI. It follows from the maximality property of C that 
I{x,+~, x~+~, . . . , x,-dl 2 IV(P)l- lh2n IV(CM a IWC-+x)l + IW-+ CM + 
b(JV(P)I - 1) which is the desired result, since b 2 1. q 
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Theorem 2.2. A digraph D on n vertices, independence number at least a, n 2 2a, 
and at least f(n, CY) = n(n - 1) - (n - a) - o((u - 1) arcs is Hamiltonian unless 
IE(D)I =f(n, a) and D is isomorphic either to D,(n) or to its opposite or to 
4(2a) or to its opposite or else to G1 or G2 of Fig. 3. 
Proof. By induction on n with fixed (Y. Assume first n = 2a. The balanced 
bipartite digraph D’ = (V, E(D) - E(D - S)) satisfies IE(D’)( z= f (n, a) - 
n/2(n/2 - 1) 2 (n’- n)/2. It follows from Theorem 1.3 that either D’ is 
Hamiltonian or else IE(D’)I = (n’- n)/2 (and therefore IE(D)I =f(n, a)) and 
furthermore D’ is isomorphic to RI(n) or to RI or R2 of Fig. 1. Consequently, if 
D’ is Hamiltonian, then D is Hamiltonian too, if D’ is isomorphic to Bi(n), then 
D is isomorphic either to DI(n) or to 4(n) or to their opposites and if D’ is 
isomorphic to R,, then D is isomorphic to Gi, i = 1 or 2, of Fig. 3. 
Assume now n 2 2a + 1 and suppose the theorem be true for any n’, 2a < 
n’ <n. Let S, IS1 3 (Y, be a maximum independent set of D. For any vertex x in 
D-Swehaved(x)sn+a-2, since 
d(x) 2 [E(D)1 - IE(D -x)1 af (n, a) - (n - l)(n - 2) + (u((u + 1) 
*n+a-2. 
Notice now that if there exists a vertex x in D - S such that d(x) = n - 1, then 
cx = 1 and IE(D -x)1 3 II!?(D)! - d(x) 3 (n - l)(n - 2). It follows that the digraph 
D - x is complete and therefore D is Hamiltonian unless T+(x) = 0 or T-(x) = 0. 
In this case, D is isomorphic to DI(n). Notice next that we may choose a vertex x 
of D - S such that d(x) c 2n - 3, for otherwise if for any x we have d(x) = 
2n - 2, then a Hamiltonian cycle can be easily found by studying the structure of 
D. It follows that for some vertex x of D - S we may suppose n s d(x) & 2n - 3. 
Apply now induction on D - x. Clearly D -x has independence number at 
least tr and satisfies 
IE(D -‘x)1 2 f (n, a) - d(x) = f (n, a) - (2n - 3) = f (n - 1, a). 
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It follows that either D -x is Hamiltonian or else lE(D)l =f(n, a), that is, for 
any vertex y of D - S we have d(y) 3 2n - 3 and, in addition, D - y is 
isomorphic to Dl(n - 1) or to D*(n - 1) or to their opposites or to one of G, or 
Gz of Fig. 3. Then: 
l If D -x is Hamiltonian, then we complete the argument by Lemma 2.1, since 
d(x) a n. 
l If D -x isomorphic to Dl(n - l), then there exists a vertex y in S such that 
either T;_,(y) = 0 or r,_,(y) = 0. Suppose, for example, that r&,(y) = 0. The 
digraph D - {x, y} satisfies 
IE(D - {x, Y))I = LW)I - (2n - 3) - (n - o) 
= (n - 2)(n - 3) - ((u - l)(cu - 2). 
This equality implies that D - {x, y} has independence number (Y - 1 and 
D -S -x is complete. Therefore D - {x, y} is Hamiltonian. Now, if the arc 
(y, x) is in E(D), then D is Hamiltonian by Lemma 2.1, since d-(y) + d+(x) > 
n - 2 + n - o 2 n - 1. Otherwise, D is isomorphic to DI(n) or to its opposite. 
l If D -x is isomorphic to Gi, i = 1 or 2, then we may easily verify that D is 
Hamiltonian. 
l Assume finally that D -x is isomorphic to D,(n - 1). Clearly D -x has 2a 
vertices. In addition, it follows from the structure of D - x that for some vertex y 
of (D-S)-x we have d(y)=cu+2(n-2-a+2)=2n-a-2. Since d(y)= 
2n - 3, we obtain (Y = 1 and n = 3. In this trivial case we may easily complete the 
argument. q 
Corollary 2.3 [5]. Any digraph on n vertices and (n - 1)’ + 1 or more arcs is 
Hamiltonian. 
Proof. Any digraph has independence number at least one and therefore the 
conclusion follows directly from Theorem 2.2. q 
The following corollary may be proved in a similar way. 
Corollary 2.4 [2]. Let D be a digraph on n vertices, n > 5 and (n - 1)2 - 1 or more 
arcs. Then D is Hamiltonian unless one of the conditions (a) or (b) below holds. 
(a) F(D)1 = (n - 1)’ and D is isomorphic to Dl(n) or to its opposite and 
(b) IE(D)( = (n - 1)2 - 1 and D is either isomorphic to D,(4) or to DI(n) minus 
an arc or to their opposites. 
We shall give a function g(n, (u) in Theorem 2.7 such that any digraph with at 
least g(n, a) arcs is either Hamiltonian connected or else isomorphic to some 
specified families of digraphs. To prove that, we need the two following Lemmas 
2.5 and 2.6. 
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Lemma 2.5. Let D be a digraph on n vertices, n even, with a(D) = n/2. Assume 
furthermore that D satisfies IE(D)I 3 g( n, a) = n(n - 1) - (n - (Y) - (u((u - 1) + 1. 
Zf S is a maximum independent set of D, then for any two vertices x and y such that 
x is in S and y is in D - S, there exists a Hamiltonian path between x and y unless 
IE(D)( =g(n, a) and D is isomorphic to D3(n) or to D,(n) or to their opposites 
(Fig. 4). 
Proof. The bipartite digraph D’ = (V(D), E(D) - E(D - S)) satisfies 
IE(“)I >g(n, a) -?a?+ 1. 
It follows from part (ii) of Theorem 1.4 that there exists a Hamiltonian path 
between x and y in D’ (and consequently in D) unless (E(D’)( = (n’- n)/2 + 1 
and D’ is isomorphic to B,(n) (Fig. 1.2) or its opposite. In this case, D is 
isomorphic either to D3(n) or to D4(n) or to their opposites. 0 
Lemma 2.6. Let D be a digraph on n vertices, n odd, such that a(D) = (n - 1)/2. 
Assume furthermore that D satisfies (E(D)( ag(n, a) = n(n - 1) - (n - a) - 
(~(a - 1) + 1. Then D is Hamiltonian connected unless (E(D)( = g(n, a) and D is 
ismorphic to D3(n) of Fig. 4 or to Ds(n) or their opposites or else to Li, i = 1 or 2 
or 3, of Fig. 5. 
Proof. The only non-Hamiltonian connected digraph with 3 vertices and 5 arcs is 
the 4(3). In what follows assume cy ~2 and n 3 5. Let S be a maximum 
independent set and x, y two vertices of D. We distinguish between three cases 
(a), (b) and (c). 
Case (a): Both x and y are in D - S 
The almost balanced bipartite digraph D’ = (V(D), E(D) - E(D - S)) satisfies 
IE(D’)I 2 [E(D)1 - (n - a)(n - (Y - 1) 2 (n’- n)/2. It follows from part (i) of 
Theorem 1.4 that either D’ has a Hamiltonian path between x and y or else 
IE(D’)I = (n’ - n)/2 (which implies that (E(D - S)( = (n’ - 1)/2 and conse- 
quently lE(D)l = g( n, a)) and, in addition, D’ is isomorphic to B,(n) or to B,(n) 
or to their opposites or to Ai, i = 1, 2, 3, of Fig. 2. Consequently, if there is a 
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Hamiltonian path between x and y in D’, then this path is also a Hamiltonian 
path between x and y in D. If D’ is isomorphic to B,(n), then D is isomorphic to 
D,(n), if D’ is isomorphic to B,(n), then D is isomorphic to D,(n), and if D’ is 
isomorphic to Ai, then D is isomorphic to Li, i = 1, 2, 3, of Fig. 5. 
Case (b): X, y are in S. 
Let D’ denote the digraph obtained from D by deleting the vertices x and y and 
by adding a new vertex s and arcs incident to s in such a way that T;.(s) = T;(x) 
and T&(s) = T;(y) in D’. 
We first prove that the independence number of D’ is not greater than (Y - 1. 
In fact, if it was not so, then, for some integer p, 1 up =S LX - 1, there is an 
independent set in D’ with (Y -p vertices in S’ and p vertices in D’ - S’, where 
S’=S-{x,y}U{s}. Then IE(D’-S’)I s cu(a, + 1) -p(p - l), IE(S’, D’ - 
S’)j c 2((u - l)(cu + 1) - 2p(cr -p) and IE(S’)l = 0 and consequently 
IE(D)I~3ar~+~-2-p(2a-p-l)+2((u+l) 
= 3a2 + 3a +p(p -2a + 1). 
On the other hand, the conditions of the lemma imply that IE(D)I z=3a2 + 2a 
and therefore we obtain p* -p(2a - 1) + a! 3 0. From this last inequality we 
conclude that (Y = 2 and p = 1 which is a trivial and easy to study case. 
See next that D’ satisfies IE(D’)I ag( It, (u) - 2(n - (u) *f(n - 1, (Y - 1) + 1. It 
follows that D’ is Hamiltonian by Theorem 2.2 and then a Hamiltonian cycle of 
D’ can be used in order to find a Hamiltonian path from x to y in D. 
Case (c): x is in S and y is in D - S. 
Consider the digraph D - y. Clearly it has independence number at least a: We 
distinguish between two cases (i) and (ii) depending upon the degree of y. 
(i) d(y) = 2n - 2. 
We have IE(D - y)l ~g( n, a) - 2n + 2 *f(n - 1, a), where f(n, (u) is the 
function given in Theorem 2.2. Consequently, if D - y is Hamiltonian, then there 
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exists a Hamiltonian path between x and y. Otherwise IE(D - y)l =f(n - 1, (u) 
and D - y is isomorphic to D,(n - 1) or D,(n - 1) or G, or G2 of Fig. 3. 
Therefore, if D - y is isomorphic to D,(n - l), then D is isomorphic to 4(n), if 
D - y is isomorphic to D2(n - l), then D is isomorphic to Ds(n), and if D - y is 
isomorphic to one of G;, i = 1, 2, then there exists a Hamiltonian path between x 
and y. 
(ii) d(y) < 2n - 3. 
We obtain IE(D - y)la IE(D)I - IE(y, D)l ?=g(n, (u) - 2n + 3 ag(n - 1, (u). It 
follows from Lemma 2.5 that either there exists a Hamiltonian path between x 
and a vertex t, t E D -S - {y}, or else d(y) = 2n - 3, IE(D)I =g(n, a) and 
D - y is isomorphic to D3(n - 1) or to D,(n - 1). Then: 
l If there exists a Hamiltonian path between x and t, then it can be used to 
construct a Hamiltonian path from y to x in D unless (D - S) f~ T+(y) = 0 in 
which case D is isomorphic to DS(n). 
l If D - y is isomorphic to D3(n - l), then there exists a vertex z in S such that 
IE(z+D-y)l=l or JE(D-y +z)l = 1; suppose, for example, that IE(z+ 
D - y)l = 1. If the arc (z, y) is not in E(D), then D is isomorphic to D,(n). 
Otherwise we consider a vertex w, w # y, of D - S II T-(z) such that d(w) = 
2n - 3. Clearly such a vertex exists in D. The digraph D - w satisfies (E(D - 
w)l = IE(D - y)( =g(n - 1, a) and furthermore it is not isomorphic to any of 
D&r - l), D,(u - 1) or to their opposites. Consequently there exists a 
Hamiltonian path in D - w between x and y. This fact in connection with Lemma 
1.2 permits us to complete the arguments, since d(z) 2 2n - 3 3 n + 1 for n 2 5. 
l Analogously we prove the case when D - y is isomorphic to D,(n - 1). 
Theorem 2.7. Let D be a &graph on n vertices satisfying a(D) L a, n 2 
2a + 12 5 and IE(D)I ?=g( n, a) = n(n - 1) - (n - cu) - (~(a - 1) + 1. Then D is 
Hamiltonian connected unless JE( D) I = g ( n, (Y) and D is isomorphic to D,(n) (Fig. 
4) or to its opposite or else to D,(2a + 1) or to Li, i = 1 or 2 or 3, of Fig. 5. 
Proof. Let S be a maximum independent set of D and x be a vertex of D - S. 
Notice that d(x) 2 n + (Y - 1, since d(x) > g(n, a) - (E(D -x)1 2 n(n - 1) - 
(n-~)-~(~-l)+1-(n-l)(n-2)+~(~-l)~n+cu-1. 
If d(x) = n then, (Y = 1 and IE(D -x)1 * (n - l)(n - 2). Therefore D --x is 
complete. It follows that if d+(x) = 1 or d-(x) = 1, then D is the digraph 4(n) or 
its opposite and if d+(x) * 2 and d-(x) 2 2, then D is Hamiltonian connected. On 
the other hand, if for any vertex x of D - S we have d(x) = 2n - 2, then D is 
Hamiltonian connected. Namely, this conclusion follows from the fact that D has 
n(n - 1) - (Y((Y - 1) arcs and D - S is complete. So in the following we may 
suppose that for some vertex x of D - S, n + 1~ d(x) < 2n - 3. 
The remaining part of the proof is made by induction on n with fixed (Y. The 
case n = 2& + 1 is proved in Lemma 2.6. Assume the theorem true for any 
n’, 2a + 1 s n’ < n. The digraph D - x has independence number at least (Y and 
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satisfies IE(D - x)1 2 g( n, (Y) - (2n - 3) 2 g(n - 1, LY). It follows from the induc- 
tion hypothesis that either D - x is Hamiltonian connected or else d(x) = 2n - 3, 
jE(D)J =g(n, a) and D - x is isomorphic to D3(n - 1) or D,(n - 1) or else to Li, 
i = 1, 2, 3. Then: 
l If D -x is Hamiltonian connected, then we complete the argument by using 
Lemma 1.2, since d(x) 2 n + 1. 
l If D -x is isomorphic to D3(n - 1) or to its opposite, then there exists a vertex 
z in S such that either )E(z+ D --x)1 = 1 or JE(D --x+ (2))) = 1. Assume 
w.1.o.g. that (E(z + D -x)1 = 1. If the arc (z, X) is not in E(D), then D is 
isomorphic to D3(n). Otherwise consider a vertex w of D - S -x such that 
d(w) = 2n - 3. The digraph D - w has g(n - 1, (u) arcs and furthermore it is not 
isomorphic to any of the digraphs D,(n - l), Ds(n - 1) or to their opposites. 
Consequently D - w is Hamiltonian connected and then we complete the 
argument by using Lemma 1.2, since d(w) = 2n - 3 2 n + 1, for n 3 4. 
l If D -x is isomorphic to DS(n - l), then it has 2~y + 1 vertices. In addition, 
there exists a vertex z in D -S such that d(z) s 2n - 2 - (Y. However d(z) 2 
2n - 3, so we obtain IX = 1. Since rz = ~IYY +2 we have n = 4 and the conclusion of 
the theorem is trivially true. 
l Finally, if D -x is one of Li, i = 1, 2, 3, then D is Hamiltonian connected. 
The two following corollaries follow easily from Theorem 2.7. Their proofs are 
based on the fact that any digraph has independence number at least one. 
Corollary 2.8 [5]. A digruph on n vertices, n > 3, and (n - 1)’ + 2 or more arcs is 
Hamiltonan connected. 
CoroUary 2.9 [2]. Let D be a digruph on n vertices, n 3 5, and (n - l)* + 1 or 
more urcs. Then D is Hamiltonian connected, unless lE(D)) = (n - 1)’ + 1 and D 
is the digruph D,(n) or its opposite. 
In view of Theorem 2.11 we have to prove the following lemma. 
Lemma 2.10. Let D be a digraph on n vertices, independence number at least CX, 
and half -degrees at least k such that 2a =S n 6 2a + k. 
(I) If lE(D)l >F( n, a) = n(n - 1) - cu(n - 2cr + 1) - (~(a - l), then D is 
Hamiltonian and 
(II) if lW)l>G( n, (u) = n(n - 1) - a(n - 2a) - au(a - l), then D is Hamil- 
tonian connected. 
Proof. We begin with the following three remarks. 
(1) If &c k + 1 and IE(D) > F(n, (u) (resp. /E(D)1 > G(n, a)), then D is 
Hamiltonian (resp. Hamiltonian connected) by Theorem 1.1.) since by a simple 
calculation we can verify that F(n, CX) 3 R(n, k) and G(n, a) 3 S(n, k). 
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(2) If IZ = 2a (resp. IZ = 2a + l), k 3 0 (resp. k s 1) and JE(D)I > F(n, (Y) (resp. 
/E(D)1 > G(n, a)), then D is Hamiltonian (resp. Hamiltonian connected) by 
Theorem 2.2 (resp. Theorem 2.7). 
(3) For n>2a+2, we have F(n, cu)~F(n, (r+l) and G(n, c~)>G(n, cu+l). 
We now proceed by induction, where the induction hypotheses are the 
following. 
(1) If n = 2a + t, O<tsp, k(D) 2 t and (Y(D) = (Y, then the condition 
IE(D)( > F(n, a) implies that D is Hamiltonian. 
(2) If n = 2cr + t + 1, 0 s t cp, k(D) 3 t + 1 and a(D) = a, then the condition 
IE(D)I > G(n, a) implies that D is Hamiltonian connected. 
We first notice that the above hypotheses are verified for p = 0. The proof is 
based on the following two claims. 
Claim 1. Let D be a digruph satisfying n =2a+p + 1, k(D)>p + 1, a(D) = N 
and [E(D)/ > F( II, a). Then D is Hamiltonian. 
Proof. If a(D) c k(D) + 1, then D is Hamiltonian by Remark 1, above. Assume 
therefore that a(D) > k(D) + 1. 
If there is an arc (x, y) in D, so that if we add cz arcs (u, y) or (Y arcs 
(x, u), u E V(D), and the stability of D remains unmodified, then we obtain a 
new digraph D’ satisfying IE(D’)I 3 IE(D)I + (Y > G(n, a). From the induction 
hypothesis it follows that D’ is Hamiltonian connected and consequently D is 
Hamiltonian. In what follows assume that there is no arc (x, y) with the above 
property. 
Now, if S, is an independent set of D with exactly cx vertices, each vertex x of 
S, satisfies d+(x)sn-2a+l=p+2, d-(x)an-2a+l=p+2, and each 
vertex y of D -S, satisfies d+(y) an - (Y = (Y +p + 1 and d-(y) 2 LY +p + 1. 
Therefore, there is a vertex x0 in S, so that p + 2 < d+(x,) =s cx - 2. 
Let now Dz denote the graph D - {x0, yO}, where y, E T+(x,,). The graph Dz 
satisfies IV(D2)l = n - 2, a(DJ 3 cr - 1, k(4) up + 1 and I(ED,)l = IE(D)I - 
d(x,) - d(yJ + 1 + E, where E = 1, if (y,,, x0) E E(D) and E = 0, otherwise. Now, 
we distinguish between two cases (a) and (b) depending upon the outdegree of y, 
and the indegree of x0. 
Case (a): d+(yo) + d-(x,) c n. 
Since d+(x,) s LY - 2, d-(yo) <n - 1 and df(yo) + d-(x,) s n - 1, we obtain 
d(x,) + d(yo) s 2n + (Y - 4. Furthermore, lIZ( > G(n - 2, (Y - 1) and 
lE(D2)l > G(n - 2, n). It follows that D2 is Hamiltonian connected and conse- 
quently, D is Hamiltonian. 
Case (b): d+(yo) + d-(x,) > n. 
It suffices to prove that D2 is Hamiltonian, since D will also be Hamiltonian 
because of the hypothesis of this case. 
Since d+(x,) c (Y - 2, d-(y,) s n - 1, d’(yO) s n - 2 + E and d-(x,) s n - (Y - 
1 - E, we obtain (E(D,)( 3 JE(D)I - 3n + 6. If ~(4) = a, since n - 2= 2a+ 
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(p - 1) and IE(&)) 2 F(n - 2, a), then Dz is Hamiltonian by induction. Assume 
therefore that (Y(DJ = (Y - 1. The digraph D, satisfies JE(D,)( > JE(D)( - 3n + 6 
and jV(DJI 3 n - 2 = 2((u - 1) +p + 1. Now, if D2 satisfies (Y - 1~ k(D,) + 1, 
then it is Hamiltonian by Remark (1). Otherwise, we try to add (Y - 1 arcs in D2 
(as in the beginning of the proof) in order to obtain a new digraph 0; which is 
Hamiltonain connected. If this procedure can not be applied on Dz, this means 
that each vertex x of D2 satisfies 
d~(x)z=(n-2)-(cu-l)-(a-2)=n-2a+l=p+2 
and 
Consequently, since k(D,) ap + 2 and a(D2) = (Y - 1, we obtain a - 2 3p + 2. 
By restarting the above processus, we can obtain a digraph D, or a digraph 0: 
with it - i vertices, which either verifies the induction hypothesis or satisfies 
(r(Di) s k(D,) + 1. Consequently, 0, will be Hamiltonian, and from a Hamil- 
tonian cycle of 0, we will be able to obtain a Hamiltonian cycle in D,_,. 0 
Claim 2. Let D be a digraph satisfying n = 2n + p + 2, k(D) *p + 2, cr(D) = (Y 
and JE(D)I > G(n, a). Then D is Hamiltonian connected. 
Proof. We prove that there is a Hamiltonian path between any two vertices x 
and y in D. Let D, denote the digraph obtained from D by deleting two vertices x 
and y and by adding a new vertex s in such a way that I’+(s) = T+(y) - x and 
T-(s) = T-(x) - y. The digraph D, satisfies (E(D,)( = (E(D)( - d’(x) - d-(y) - 
E + E’, where 
and 
1 if (Y, xl E E(D), 
’ = 0 otherwise, 
&’ = 1 if (x, Y) e E(D), 
0 otherwise. 
Let S, denote a maximum independent set of D. Clearly, there is a 
Hamiltonian path between x and y in D if and only if there is a Hamiltonian 
cycle in D1. We distinguish between cases depending upon the position of x and 
Y. 
Casel:x$S,andy$S,. 
Since d+(x) + d-(y) - E + E’ d 2(n - l), we obtain )E(D,)J > G(n, (Y) - 2n + 2. 
Furthermore, k(D,) 3 k(D) - 1 >p + 1, cx s (Y(D,) 6 (Y + 1 and IV(D,)( = n - 1 
= 2~ + p + 1 = 2(a + 1) + (p - 1). In addition, D, satisfies (E(D,)( > F(n - 1, 
a) and JE(D,)I > F(n - 1, (Y + 1). It follows that D, is Hamiltonian, and 
therefore D is Hamiltonian connected. 
Case 2: x E S, and y E S,. 
In this case D, has an independence number equal to (Y - 1, IX or (Y + 1. 
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Assume first that a(Q) = a or n(DJ = (Y + 1. As in Case 1, we can see that 
IV(D,)l = 2(a + 1) + (p - 1) and k(D,) ~=p + 1. In addition, Q satisfies 
IE(D,)I > G(n, (u) - 2(n - (Y), which implies (E(D,)I > F(n - 1, (u) or IE(D,)( > 
F(n - 1, a + 1). It follows that D, is Hamiltonian. 
Assume next that (Y(&) = cz = 1. Let Sk be a set obtained by contraction of S,. 
Let G denote the digraph D - S,. If for each vertex z of G we have d;(z) sp or 
d;(z) sp, then each z satisfies d,(z) s n - (Y - 1 + p = cr + 2p + 1 and further- 
more 2 IE(G)I c (a! +p + 2)(a + 2p + 1). Consequently, 
2a(n - 2a) > (2a + p + 2)(2~u + p + 1) - IE(G)l, 
that is, 
24n -2(X) a (a + l)(a +p + l), 
in other words, 
2cu(p+2)*(cu+l)((Y+p+2) 
which implies 
2a(-ap + 1) 3p + 2. 
Since, this last inequality is impossible, we can deduce that some vertex z of G 
satisfies d;(z) *p + 1 and d&z) 3p + 1. Let now 0; denote the digraph 
obtained from Q by deleting all arcs between z and Sk. This new digraph satisfies 
cu(DI) = a, k(Di) “p + 1, IV(D;)l = n - 1 = 2a + (p + 1) and JE(D;)J 3 
G(n, a) - 2(n - 1) - 2(a - 1). It follows that 0; is Hamiltonian. 
Case 3: x E S, and y $ S,. 
If a(Di) = a! or (Y(DJ = LY + 1, then as in Case 2 we can see that Q is 
Hamiltonian, since it satisfies IV(D;)l = n - 1 = 
U Kn*_-2a+l and 
from S, to Kn*_-2n+l. Although this digraph has n(n - 1) - a(n - 2a + 1) - (Y 
((Y - 1) arcs, it has no cycle containing all vertices of S,. 
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For part (II). Consider the digraph obtained from the disjoint union of 
S,, Kz--2a and Kz by adding all arcs between Kz and S, U Kz_2n and from S, to 
Kz-2a. The resulting digraph has n(n - 1) - (~(n - 2a) - (~(a - 1) arcs, however 
it has no Hamiltonian path between two vertices of Kz. 
Theorem 2.11. Let D be a digraph on n vertices, independence number at least a; 
and half -degrees at least k, n 2 2a. 
(I) Zf IE(D)I >f (n, k, 4 = n(n - l)-(k+l)(n-cu-k)-cw(&-1), then D 
is Hamiltonian and 
(II) if [E(D)1 >g(n, k, a) = n(n - 1) - k(n - (Y - k) - (u(& - l), then D in 
Hamiltonian connected. 
Proof. We begin the proof with the following three remarks. 
(1) If cr<k+l (resp. LY< k) and if JE(D)I >f (n, k, a) (resp. J(E(D)I > 
g(n, k, a)), then D is Hamiltonian (resp. Hamiltonian connected), since 
f (n, k, a) - R(n, k) = (k + 1 - ~)(a - 1) 2 0 (resp. g(n, k, a) - S(n, k) = 
(k - cu)(a - 1) 2 0) where Z?(n, k), S(n, k) are defined in Theorem 1.1. 
(2) If ns2a+k) and cu>-k+l (resp. Q 3 k) and if JE(D)J >f (n, k, a) (resp. 
IE(D)( >g(n, k, a)), then D is Hamiltonian (resp. Hamiltonian connected), 
since f (n, k, a) - F(n, (u) = (a - k - l)(n - 2cu - k) 2 0 (resp. g(n, k, a) - 
G(n, a)=(a-k)(n-2a-k)aO. 
(3) If a(D) = a, n 32~~ and IE(D)I >g(n, a; l), then clearly k(D) 32 and 
(E(D)1 >g(n, CY, 2). It follows that if D has n vertices, independence number at 
least (Y, half-degrees at least k and satisfies (E(D)1 >g(n, cy, k), then we can 
suppose that k 2 2. 
Throughout, we may suppose that n > 2a + k and (Y > k + 1 or (Y > k, by 
Remark (2). The proof is by induction on n. The induction hypotheses are the 
following: 
(1) For each 1x22, n’<n, 2cySn’ and t >O, if D satisfies IV(D)1 = n’, 
a(D) = a, K(D) 2 t and IE(D)I > f (n’, a, t), then D is Hamiltonian. 
(2) For each cu?=2, n’sn, 2~~s n’ and t > 1, if D satisfies IV(D)1 = n’, 
a(D) = a, k(D) 2 t and IE(D)I >g( n ‘, (Y, t), then D is Hamiltonian connected. 
(3) For each t > k, if k(D) 2 t and (E(D)( > f (n, a, t), then D is Hamiltonian. 
The proof is based on the following two Claims 1 and 2. In order to formulate 
these two claims, we need the following notation. 
Notation. 
Proof. We notice that the hypotheses 1 and 2 are verified for n = 2a + 1. Let 
now D be so that n = IV(D)1 >2cx + k, k(D) 3 k, a(D) = (Y and satisfying 
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I,?(D) >f(n, cr, k). By Remark (l), we can suppose throughout that k(D) 3 
(Y- 1. 
Assume first that D has half-degrees at least k + 1. We have f(n + 1, k, CY) - 
f(n+l,k+l, (~)=(~t+l)-a-2(k+l)aO, since (n+1)22a+ks(~+ 
2(k + l), for (Y 3 k + 2. Consequently D is Hamiltonian, by hypothesis 3. 
Assume next that there exists a vertex x in D such that either d+(x) = k or 
d-(x) = k hold s. Assume w.1.o.g. that d+(x) = k. We can add n - (Y - k arcs 
(x, U) to D, u ED - T+(x), so that the obtained digraph D’ has independence 
number at least a(D). Since D’ satisfies jE(D’)( 3 IEJ + n + 1 - k - LY > 
g(n + 1, k, a), there exists a Hamiltonian cycle in D’ containing an arc 
(x, y), (x, y) E E(D), by hypothesis 2. This cycle is Hamiltonian in D, so the 
proof of Claim 1 is complete. Cl 
Claim 2. Zf any digraph in @(n, k, a) is Hamiltonian, then any digraph in 
Q(n + 1, k, a) is Hamiltonian connected. 
Proof. Let D be so that it + 1 = IV(D)1 >2a!+ k, k(D) 3 k, a(D) = (Y and 
satisfying [E(D)1 >g(n + 1, (Y, k). 
Consider two vertices x and y in D. We have to prove that there is a 
Hamiltonian path from y to x in D. Let D, denote the digraph obtained from D 
by deleting the vertices x and y and by adding a new vertex s and the sets of arcs 
(6, w) 1 (Y, w) in E(D)) and {( w, s) 1 (w, x) in E(D)}. It suffices to prove that 
D1 is Hamiltonian, since by using a Hamiltonian cycle of D1 we can construct a 
Hamiltonian path from y to x in D. Clearly, D1 has IZ vertices, where 
n > 2a + k - 1, that is, IZ 2 2a + 2, and half-degrees at least k - 1. Notice also 
that D1 has independence number at least (Y - 1, LY or (Y + 1 depending upon the 
position of x and y in D. Namely, if both x and y are not in a maximum 
independent set of D, then D1 has independence number at least (Y. In any other 
case, D1 has independence number at least a - 1, a or (Y + 1. Furthermore, D, 
satisfies IE(D,)I = IE(D)I - d+(x) - d-(y) - E + E’, where 
1 if (y, x) E =W), 
&= 
0 otherwise, 
and 
1 
&’ = 
if (x, y) E E(D), 
0 otherwise. 
Let S, denote a maximum independent set of D. If neither x nor y belong to 
S (y, then cx 6 cu(DJ s cy + 1, JE(D,)I ~f(n, a, k - 1) and JE(D,)I af(n, cy + 1, 
k - l), and therefore D, is Hamiltonian by Claim 1. If, on the other hand, both 
x and y belong to S,, then once more D1 is Hamiltonian by Claim 1, since in this 
case we can easily see that (Y - 1 s a(DJ s a + 1 and IE(D,)I 2 IE(D)I - 2n + 
2a - 2, that is IE(D,)I 3 n(n + 1) - k(n + 1 - (Y - k) - 2n + 2~ - 2 which implies 
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lE(D,)( sf(n, a, k - l), lE(D,)l af(n, a + 1, k - 1) and lE(D,)l af(n, a - 1, 
k - 1). 
Assume finally that x but not y belongs to S,. 
Let D2 denote the digraph D -y. Since y does not belong to S,, D2 has 
independence number a. Furthermore, D2 has half-degrees at least k - 1 and n 
vertices, where n > 2c~ + k - 1, that is, II Z= 2( (Y + 1). 
Assume first that d(y) =%n + LY + k - 1. Since IE(D,)I = IE(D)I -d(y), by a 
simple calculation we obtain IE(D2)( ag( n, a, k - 1). It follows from the induc- 
tion hypothesis (2) that D2 is Hamiltonian connected. 
Assume next that d(y) > n + a + k. It follows that d’(y) 3 (Y + k and d-(y) b 
a + k. Let D3 denote the digraph obtained from D, by deleting the arcs 
(s, u), u E S,. We have d&(s) 3 d+(y) - LY 3 k and d&(s) 2 d-(x) - 1~ k - 1. 
Furthermore, for each u E S,, d&(u) > d+(u) - 1 s k - 1, d&(u) 2 d-(u) - 12 
k - 1 and for each z E D - ({y} U S,), d&(z) 2 d+(z) - E(Z, y), d&(z) 2 
d-(z) - E(X, z), where 
and 
4Z, Y) = 
1 if (2, Y) E E(D), 
0 otherwise, 
&(X, 2) = 
1 if (x, z) E E(D), 
0 otherwise. 
By the above observation we can conclude that D3 has half-degrees at least k - 1. 
Furthermore & 6 a(D3) c CY + 1. On the other hand, since IE(D,)I 2 IE(D)I - 
2n + 2, we can conclude that IE(D,)I >f(n, CY, k - 1) and lE(D3)1 >f(n, (Y + 1, 
k - 1). It follows that D3 is Hamiltonian, and consequently there is a 
Hamiltonian path from y to x in D. This completes the proof. 0 
Corollary 2.12 [5]. Any strong digraph on n vertices, n 2 3, and at least 
n2 - 3n + 5 arcs is Hamiltonian. 
Proof. The conclusion follows directly from the above theorem, since any strong 
digraph has both half-degrees and independence number at least one. 0 
The bounds given in Theorem 2.11 are the best possible. 
For case (I). Consider the digraph obtained from the disjoint union of 
G, Sk+,, Sa+_, and K,Y-a-k by adding all arcs between Kz and Sk+, U Sa--k-, U 
Kz--or-k, between Sa-k_l and Kz-n_k, and from Sk+, to Kz--a-k. Although the 
resulting digraph has n(rz - 1) - (k + l)(n - LY - k) - n(cu - 1) arcs, it has no 
cycle containing all vertices of Sk+, .
For case (II). Consider the digraph obtained from the disjoint union of 
Kz, S,, S,_, and Kn*-a_-k by adding all arcs between Kz and Sk U SW_, U Kz-a_k, 
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between S,_, and K~-~+ and from Sk to Kz_or_k. The resulting digraph has 
n(n - 1) - k(n - LY - k) - (U(CY - 1) arcs, however it has no Hamiltonian path 
between two vertices of Kz. 
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